Measurements of neutrino oscillations using the disappearance of muon neutrinos from the Fermilab NuMI neutrino beam as observed by the two MINOS detectors are reported. New analysis methods have been applied to an enlarged data sample from an exposure of 7.25 × 10 20 protons on target. A fit to neutrino oscillations yields values of |∆m 2 | = (2.32
Measurements of neutrino oscillations using the disappearance of muon neutrinos from the Fermilab NuMI neutrino beam as observed by the two MINOS detectors are reported. New analysis methods have been applied to an enlarged data sample from an exposure of 7.25 × 10 20 protons on target. A fit to neutrino oscillations yields values of |∆m 2 | = (2.32
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−0.08 ) × 10 −3 eV 2 for the atmospheric mass splitting and sin 2 (2θ) > 0.90 (90% C.L.) for the mixing angle. Pure neutrino decay and quantum decoherence hypotheses are excluded at 7 and 9 standard deviations, respectively. Neutrino masses and flavor mixing influence the role of neutrinos in fundamental physics processes [1] and may point to the mechanism that gives rise to the matterantimatter asymmetry in the Universe [2] . A variety of phenomena observed with neutrinos originating in the Earth's atmosphere or the Sun and those produced by nuclear reactors or accelerators can be described consistently by quantum-mechanical mixing of the weak flavor states of neutrinos. The underlying mechanism of neutrino mixing resulting in neutrino oscillations, well established by several experiments over the last decade [3] [4] [5] [6] [7] , is governed by the 3 × 3 unitary PMNS matrix [8] , which can be parametrized using three mixing angles and a CP-violating phase. Evolution of neutrino flavor eigenstates in vacuum depends additionally on the ratio of the distance traveled to the neutrino energy (L/E) and the splitting between the squared masses of neutrino mass eigenstates i and j, ∆m
For three neutrino mass eigenstates there are two independent mass splittings. MINOS, a long-baseline experiment with L/E = O(500 km/GeV), is sensitive to the larger (atmospheric) mass splitting through the disappearance of muon neutrinos [9] .
The MINOS experiment uses two detectors separated by a distance of 734 km, both placed in the intense NuMI neutrino beam from Fermilab [10] . The Near Detector is used primarily to characterize the NuMI beam near its production. The Far Detector measures the event rate and energy spectra after the neutrinos have traveled through the Earth's crust. In an earlier publication [4] , MINOS presented the most precise measurement to date of the atmospheric mass splitting using data from a beam exposure of 3.36 × 10 20 protons on target (POT). The results in this letter are based on an exposure of 7.25 × 10 20 POT, involve additional event categories, and employ an improved analysis methodology.
The NuMI beam [10] operates with 120 GeV/c protons directed onto a graphite target of two interaction lengths. Positively charged hadrons produced in the target are focused towards the beam axis by two magnetic horns. The neutrino beam is the product of pion, kaon, and muon decays occurring downstream of the target, primarily along a 675 m long decay pipe, evacuated for the first half of the data set [4] , but later filled with 0.9 atm helium for structural reasons. Data taken at different relative horntarget longitudinal positions and horn currents were used to tune the neutrino beam simulation [11] . The effect of the helium in the decay pipe and an observed decrease in neutrino flux per POT, attributed to target degradation, are incorporated into the simulations. Most of the data were taken in three run periods (Runs I−III), with the target placed in the most downstream position, yielding an energy spectrum of neutrino interactions peaking at 3 GeV. A small amount of the data was taken with the target placed upstream in the high energy (HE) configuration which results in an energy spectrum that peaks at 9 GeV.
Both MINOS detectors [12, 13] are placed on the NuMI beam line axis. Each is a tracking, sampling calorimeter, built of 2.54 cm thick iron plates interleaved with scintillator planes composed of 1 cm thick, 4.1 cm wide scintillator strips, arranged in two alternating orthogonal views and read out using multi-anode photomultipliers. The Near Detector is located 1.04 km downstream from the target and has a 23.7 t fiducial mass. The Far Detector has a 4.2 kt fiducial (5.4 kt total) mass. Both detectors are magnetized, with a toroidal magnetic field oriented to focus negatively charged particles.
In comparison to the previous analysis [4] , the data set has been substantially increased and several changes to the simulation, reconstruction, and analysis methodology have been introduced. This analysis also benefits from the inclusion of new event samples: events with a reconstructed track of positive charge and events originating outside of the fiducial volume, including the surrounding rock. The geometrical modeling of the target and focusing system [14] of the NuMI beam line, using the FLUGG software package [15] , combining GEANT4 [16] geometry with the FLUKA [17] hadron production, has improved the beam simulation. As previously, the detector simulation uses GEANT3 with NEUGEN3 [18] as the neutrino interaction generator.
The most significant analysis improvement is achieved by employing a k-nearest-neighbor (kNN) algorithm [19] for estimation of the energy of showers produced by low energy hadronic cascades. In MINOS, a charged current interaction of a muon neutrino is typically characterized by a muon track and a hadronic cascade, reconstructed as one or more showers. The energy resolution of events with a hadronic cascade is usually limited by the calorimetric measurement of the showers, which has a resolution of 56%/ E(GeV) ⊕ 2% [12] . This can be compared to a resolution of 4.6% or 11% for 3 GeV muon tracks measured by range or curvature, respectively. The new hadronic energy estimator uses three event characteristics: the summed reconstructed energy deposited by showers within 1 m of the track vertex; the sum of the energy in the largest two reconstructed showers associated with the event; and the length of the longest shower [20] . The hadronic energy is taken as the mean true hadronic energy of the closest Monte Carlo events in this three dimensional feature space. Monte Carlo studies show that the new algorithm improves shower energy resolution from 55% to 43% for showers between 1.0 − 1.5 GeV.
The identification of charged current neutrino interactions uses the energy deposition and its fluctuation along a track to discriminate muon tracks from spurious tracks reconstructed from hadronic activity in neutral current interactions. However, this identification method, used in the prior publication [4, 21] , does not resolve events with muons crossing 10 or fewer detector planes (corresponding to about 500 MeV of muon energy). An additional procedure is applied to reclaim some of these events by constructing a new kNN classifier from the total pulse height of the last 5 scintillator strips associated with a track, and from two quantities that are correlated with track scattering [22] . The new selection achieves a 90% charged current efficiency. Below 2 GeV, the efficiency is 77% with 6.5% neutral current contamination. Events classified as charged current interactions are used irrespective of the reconstructed charge-sign of the track. Compared to the previous analysis [4] , which used only events with a well identified negative track charge, events at low energy, where track charge-sign reconstruction is less reliable, have been now recovered. Below 6 GeV, the main oscillation energy range, 98.0% of all selected events arise from neutrino interactions; the antineutrino component, shown in Fig. 1 , is small and contributes primarily at higher energies. This antineutrino component is assumed to oscillate with the same parameters as the neutrinos.
The predicted energy spectrum in the Far Detector is calculated from the spectrum measured in the Near Detector, using a technique that takes account of the kinematics of neutrino production in the beam and of the geometry of the NuMI beam line [11] . The Near Detector events with tracks of positive and negative reconstructed charges are used separately to provide energy spectra predictions at the Far Detector [23, 24] . The Far Detector events with a reconstructed negative track charge are further divided into five quantiles based on energy resolution [24] determined by simulations and test beam measurements [13] . This division increases the sensitivity with which MINOS can measure the neutrino mass splitting and mixing [25] , since events with the most precisely reconstructed energy carry the most precise information about the energy dependence of charged current event disappearance.
This analysis includes interactions originating in the rock and outside of the Far Detector fiducial volume. Such interactions are only partially reconstructed, and are characterized by the measured muon and its detector entry position [26, 27] . The predicted energy spectrum for these events is derived using the same method as for the fully reconstructed events. The partially and fully reconstructed samples have comparable statistics, but the partially reconstructed events contribute primarily to establishing the overall event rate since they are due to neutrinos that are not well measured and are predominantly at higher energies.
The effect of systematic uncertainties on the measured oscillation parameters was determined using Monte Carlo simulations in which modeling parameters were varied. Table I shows the systematic effects, their 1 σ variation level, and the impact on the values of mass splitting and mixing angle. Uncertainties in the physics simulations, including pion absorption cross-sections in the nucleus and associated modeling of energy deposition in the detector, result in the uncertainty in the visible hadronic energy (a), which is energy dependent and is about 7.0% below 3 GeV. The errors in the measurement of muon energy (b) from range (2% error) or from curvature in the magnetic field (3%) are included. The effects of relative reconstruction efficiencies between the two detectors and uncertainties in their fiducial masses and relative difference in detector structure result in the 1.6% normalization error (c). These three uncertainties dominate the systematic error on the neutrino mass split- The points with error bars are the background-subtracted ratios of data to the no-oscillation hypothesis. Lines show the best fits for: oscillations, decay [30] , and decoherence [31] .
ting. The largest uncertainty in the mixing angle is from the amount of neutral current background (d), the uncertainty on which, based on a data-driven method, is 20% [22] . Other sources of uncertainty include: the 2.2% relative energy calibration uncertainty between the two detectors (e); uncertainties in the neutrino cross-sections σ ν (f); the beam flux (g); and uncertainties due to misclassification of neutrino and antineutrino interactions (h). Finally, incorporation of partially reconstructed events introduces a small uncertainty due to approximations made in modeling the rock composition and details of the Far Detector's edges (i).
All event selection criteria and analysis procedures were defined prior to examining the full data set in the Far Detector. The energy spectra were compared with those used in the previous publication [4] . These agree within the small differences expected due to changes in the reconstruction algorithm. The observed and predicted numbers of events, classified in the Far Detector as fully and partially reconstructed charged current interactions, for all running periods are shown in Table II data sample is shown in Fig. 2 , along with the predicted spectra. The corresponding spectra for the partially reconstructed events are shown in Fig. 3 .
To test the neutrino oscillation model against the data, the two-parameter survival probability formula
The best values of |∆m 2 | and sin 2 (2θ) were found by maximizing a likelihood, which includes the four dominant systematic uncertainties a-d in Table I as nuisance fit parameters [28, 29] . The likelihood value is computed at each point in the |∆m 2 | − sin constraint the best fit value for mass splitting changes by δ(∆m 2 ) = −0.01 × 10 −3 eV 2 and for the mixing angle changes by δ(sin 2 (2θ)) = +0.001. The fits do not significantly pull away from their nominal values any of the four nuisance parameters. Predicted energy spectra for the best fit are shown in Fig. 2 . If the fit is restricted to use only fully reconstructed events with the negative track charge, the best fit value for mass splitting changes by δ(∆m 2 ) = +0.03 × 10 −3 eV 2 and the mixing angle is unchanged. Two other hypotheses for neutrino disappearance, pure neutrino decay [30] and pure quantum decoherence [31] , are excluded at 7 and 9 standard deviations, respectively, as shown in Fig. 2 .
In summary, MINOS data from a beam exposure of 7.25 × 10 20 POT, more than double the data set used in the previous MINOS publication [4] , and improved analysis methodology have resulted in the measurement of the value of the atmospheric mass splitting to be |∆m 2 | =(2.32
−0.08 ) × 10 −3 eV 2 and the mixing angle to be sin 2 (2θ) > 0.90 (90% C.L.). This is the most precise measurement of this mass splitting to date. Neither the pure quantum decoherence nor neutrino decay hypotheses fit the observed spectra.
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